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============

Motivated by the work of Colding and Minicozzi \[[@CR3]--[@CR6]\] and Hoffman and White \[[@CR8]\] on minimal laminations obtained as limits of sequences of properly embedded minimal disks, in \[[@CR1]\] Bernstein and Tinaglia introduce the concept of the simple lift property. Interest in these surfaces arises because leaves of a minimal lamination obtained as a limit of a sequence of properly embedded minimal disks satisfy the simple lift property. In \[[@CR1]\] they prove that an embedded minimal surface $\documentclass[12pt]{minimal}
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Among other things, we prove that the only possible compact leaves of a minimal lamination obtained as limits of a sequence of properly embedded minimal disks are the torus in the orientable case, the Klein bottle and the connected sum of three and four projective planes in the non-orientable case.
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Throughout the paper, we will assume $\documentclass[12pt]{minimal}
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The generalised simple lift property for a finite number of curves {#Sec3}
==================================================================

Let us introduce the concept of lifts of curves into embedded disks.

Definition 3.1 {#FPar1}
--------------

Generalised simple lift property.
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A surface with the generalised simple lift property is one for which, in an effective sense, the universal cover of the surface can be properly embedded as a disk near the surface. For this reason, to understand the topology of the surface $\documentclass[12pt]{minimal}
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With this in mind, we give the following definition.

Definition 3.2 {#FPar2}
--------------

Closed and open lift property.
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If it is possible to choose the lifts of a curve $\documentclass[12pt]{minimal}
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Remark 3.3 {#FPar3}
----------

In Proposition [3.4](#FPar4){ref-type="sec"} below and in Lemma [4.2](#FPar7){ref-type="sec"} we will be constructing the lift of two (or more) simple closed curves intersecting at one point by considering the union of these curves as a single curve.
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The proposition below, which we will call *Lifting Lemma*, is analogous to Proposition 4.4 in Bernstein and Tinaglia's paper \[[@CR1]\].

Proposition 3.4 {#FPar4}
---------------

**Lifting lemma**
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We will now proceed to study the topology of surfaces with the generalised simple lift property.

The topology of embedded surfaces with the generalised simple lift property {#Sec4}
===========================================================================

The geometrical example at the centre of this initial topological study is the double torus minus a disk, that is the connected sum of two tori with a disk removed (see Fig. [1](#Fig1){ref-type="fig"}).Fig. 1$\documentclass[12pt]{minimal}
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Remark 4.1 {#FPar6}
----------

In order to simplify the notation, we will denote by $\documentclass[12pt]{minimal}
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Lemma 4.2 {#FPar7}
---------
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Proof {#FPar8}
-----
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Arguing by contradiction, let us assume that both curves admit closed $\documentclass[12pt]{minimal}
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This represents a contradiction to the mod 2 degree theorem applied to the Jordan-Brouwer separation theorem. This contradiction finishes the proof of the lemma.
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Fig. 3The five loops taken into consideration
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From these claims, we obtain the following result.
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Proposition [4.5](#FPar13){ref-type="sec"} then gives the following result.
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Minimal laminations {#Sec5}
===================

Let us now apply the results of the previous section to the case of minimal laminations. Let us first recall some facts about laminations.
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The following is the natural compactness result for sequences of properly embedded minimal surfaces with uniformly bounded second fundamental form (see for instance Appendix B in \[[@CR6]\] for a proof).

Theorem 5.3 {#FPar18}
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Remark 5.4 {#FPar19}
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Definition 5.5 {#FPar20}
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This work will be centred around limit laminations of minimal disk sequences, so it will be convenient to introduce the following definition (inspired by \[[@CR17]\]).

Definition 5.6 {#FPar21}
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Proof {#FPar23}
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This result then implies:

Proposition 5.8 {#FPar24}
---------------

If *L* is an embedded compact surface obtained as a leaf of a minimal disk sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\Omega ,K,{\mathcal {S}},{\mathcal {L}})$$\end{document}$ then it must be topologically $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {S}}^2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {T}}^2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}P^2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}P^2_2\cong K$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}P^2_3\cong {\mathbb {T}}^2\#{\mathbb {R}}P^2$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}P^2_4\cong {\mathbb {T}}^2\#K$$\end{document}$.
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Combining together Proposition [5.8](#FPar24){ref-type="sec"} and the previous remark, we then obtain the following result.

Corollary 5.10 {#FPar26}
--------------
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